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INTRODUCTION 
Let B be a p-block of the finite group G, and let D be a defect group for 
B of order pd. Brauer asked whether it is the case that k(B) 5 pd in general. 
There has been little improvement on the bound of Brauer-Feit [2]. 
They gave an affirmative answer to the above question for ds2, and 
proved that k(B) 5 pZdP 2 for d > 2. When G is p-solvable, Knorr [6] has 
made significant progress on this question, but even in that case there seem 
to be significant gaps at present. 
Most of the results of this paper concern the case that the defect group 
of B, say D, is Abelian, and before we can state them we need to introduce 
some notation and terminology. 
We let k,(B) denote the number of characters of height h in B, and 
k,(B) denote Ch p2”k,(B). We let k+(B) denote k,(B) -k,(B). In fact, 
Brauer and Feit proved that k,(B) 5 a(~‘“) + 1, but it is not true in general 
that k,(B) 5 pd. 
1. THE PRESENCEOF REGULAR ORBITS 
We now fix a p-block B of the finite group G and a maximal B-subpair 
(0, b). We let I(B) denote the “inertial group” N,(D, b)/DC,(D) (which is 
a p/-group). 
In [S] we proved that if there is some z in Z(D) and a block /I of C,(z) 
such that ((z), /I) 5 (D, b) and I(j) = 1, then k,(B) 5 pd (this was a slight 
improvement of a result of Brauer [ 1 ] ). 
LEMMA 1.1. If /I is a nilpotent block of C,(z), then k,(B)4pd. 
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Proof: If /I is nilpotent, then it follows from Broue-Puig [4] that 
I(/?) = 1. 
One of our most useful tools is: 
COROLLARY 1.2. Suppose that D is Abelian. Then: 
(i) If Z(B) has a regular orbit on D (in the action induced from the 
conjugation action of N,(D)), then k,(B) 5 pd. 
(ii) Zf Z(B) is Abelian, then k,(B) 5 pd. 
ProojY (i) If Z(B) has a regular orbit on D, then there is some z E D such 
that N,(D, b) n C,(z) = C,(D). 
We may choose a block b of C,(z) with ((z), fl) 5 (0, 6). Setting 
C = C,(z), we see that N&D, b) = C,(D). This means that /I is a block 
of C with Abelian defect group of inertial index 1, so in particular is a 
nilpotent block. By Lemma 1.1 we obtain k,(B) 5 pd. 
(ii) Z(B) is faithfully represented as a group of linear transformations 
on In,(D), and it is well known that an Abelian finite p’-group of linear 
transformations of a vector space over a field of characteristic p has a 
regular orbit, so part (i) applies if Z(B) is Abelian. 
2. SOME RESULTS 
The results of this section are similar in spirit to some results of 
M. Murai [7] obtained for p-solvable groups. 
THEOREM 2.1. (i) Given any finite group H, there are only finitely many 
primes p for which there is a finite group G and a p-block B of G with 
Abelian defect group D of order pd such that Z(B) z H, and k,(B) > pd. 
(ii) There is a function g: N x N -+ N, such that whenever B is a 
p-block of the finite group G with Abelian defect group D of order pd and A 
is an Abelian normal subgroup of Z(B) of maximal order, then k,(B) S 
pd.g(lA 4. 
(iii) Given any integer r > 0, there are only finitely many primes p 
for which there is a finite group G and a p-block B of G with Abelian 
defect group D of order pd and of rank r with k,( B)2 + 2k + (B) k,,(B) + 
k+(B) >P~~--. 
In particular, if B is a p-block with Abelian defect group D of order pd and 
of rank r then unless p is one of a finite set of primes (depending only on r) 
k,(B) < p3d’2. 
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(iv) There is a function ,f: N + N such that whenever B is a p-block 
with Ahelian defect group D of order pd ( > 1) then 
An important tool in the proof of the theorem and an inspiration for the 
formulation of the results it contains comes from [9]. The result we require 
is only a minor part of a much more general result. 
LEMMA 2.2 [IS]. Let H be a finite group of linear transformations of a 
finite dimensional vector space V over GF(p) for some prime p. Then if 
p > 1 HI, H has a regular orbit on V. 
Remark. The bound provided here is rather crude in general but 
suffices for our purposes. 
Proof of Theorem 2.1. Part (i) of the theorem follows from part (i) of 
Corollary 1.2 together with Lemma 2.2. 
In the proof of the remaining parts of the theorem, an idea from [S] is 
extremely useful. 
We now choose a fixed p-block B (with Abelian defect group D of order 
pd and rank r) of a finite group G. 
(ii) If p > (I(B then we have k,(B) 5 pd by Lemma 2.2 and part (i) 
of Corollary 1.2. If p 5 IZ(B)\, we have k.+.(R) 5 p2d (by Brauer-Feit [2]), 
so k,(B) 5 ]Z(B)ld.pd. Now as Z((B) is a p’-group with a faithful representa- 
tion of degree at most d over GF(p), Jordan’s Theorem may be applied and 
there is an Abelian normal subgroup, A say, of Z(B) such that [Z(B) : A] 
is bounded in terms of d alone. Part (ii) of the theorem now follows easily. 
(iii) As remarked above, there is an Abelian normal subgroup, A say, 
of Z(B) such that [Z(B) : A] is bounded in terms of d alone (indeed in terms 
of r as Z(B) acts faithfully on Q I(D)). Now A has a regular orbit on Q,(D), 
so we may choose a non-identity element z of D such that 
CC&) n NOW, b) : C,(D)1 S [I(B) : Al. 
Let ~!3 be a block of C,(z) with ((z), /I) S (D, b). Then lZ(/I)lS [Z(B) : A], 
so that lZ(/I)l is bounded in terms of r alone. Let z have order p’, and let 
/I be the block of C,(z)/(z) corresponding to /I. Then IZ(B)I = lZ(/I)(. 
Ifp > IWVI, then @I h as a regular orbit on O,(D/(z)) by Lemma 2.2, 
so that (applying part (i) of Corollary 1.2 with the group C,(z)/(z) and 
the block /I) we have k( 8) 5 pd-‘. In particular, I( 8) 5 pd-‘. 
We now prove that 
h(B)* + W,(B) k+(B) + k+(B) 5 ~~~48). 
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Following Brauer [ 11, we define a k(B) x k(B) matrix A whose (i, j) 
entry is 
where {xi: 1 5 i 5 k(B)} is the set of irreducible characters in B, and where 
x(P) is obtained from x (on the p-section of z) by deleting the Brauer 
irreducible characters and generalized decomposition numbers from blocks 
of C,(z) other than p. 
From Brauer [ 1 ] we have: 
(a) AT=A. 
(b) A2 = #A, A has rank I(/?) and trace #Z(p). 
(c) Letting uii denote the (i, j)-entry of A and hi denote the height of 
the character xi, aii/ph’ is a cyclotomic integer, and if hi = 0, then a,/p’Q + ’ 
is not a cyclotomic integer (so in particular, a,- # 0 in the latter case). 
Now we recommence our proof: since trace(AIT) = C laij12 = p2d. Z(p) 
( = trace(#A)) we see (using the above results of Brauer and a well-known 
result of Burnside on the sum of the algebraic conjugates of a real, positive, 
cyclotomic integer) that 
kM2 + S,(B) k+(B) + k+(B) S ~~~48). 
It is also necessary to observe that aji is not 0 for any value of i (from c) 
above, it follows that x(P) is not the zero function for any character x in B). 
Then we certainly have 
k,(B)2+2ko(B)k+(B)+k+(B)Sp3d-1 if P > I4P)L 
and we know that IZ(jl)l is bounded in terms of Y alone. 
(iv) This is an immediate consequence of part (iii). 
3. NON-MAJOR SECTIONS 
The results of this section use a slight extension of a result of M. Broue 
[3]. We are grateful to Brad for bringing this result to our attention. The 
results here would not have been proved without his suggestion (and he 
was aware of the necessary extension). 
Let B be a p-block of the finite group G, with a defect group D which 
has order pd but is not necessarily Abelian. 
Let (D, b) be a maximal B-subpair. Now we choose an element u of D, 
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and a block /I of C,(U) with ((u >, fl) 5 (D, h). Let the defect group of fi 
have order p< We will prove: 
THEOREM 3 1 . . k,(B)’ Ip2’i(/3). 
Proof. In a similar fashion to our earlier proof we define a k(B) x k(B) 
matrix A whose (i, j) entry is 
b’/lGl) 1 x?‘(g) xj%), 
gG S”(u) P 
where {xi: 1 5 i 5 k(B)} is the set of irreducible characters in B, and where 
x @) is obtained from x (on the p-section of U) by deleting the Brauer 
irreducible characters and generalized decomposition numbers from blocks 
of C,(U) other than fl. 
From Brauer [l] we have (as before): 
(a) AT=A. 
(b) A2 = #A, A has rank Q/I) and trace #i(B). 
(c) Letting aU denote the (i, j)-entry of A, a0 is a cyclotomic integer 
for all i, j. 
Now we recommence our proof: since trace(AAT) = C luij12 = p’f. l(B) 
( = trace(pfA)) it suffices to prove that aii # 0 whenever xi and xi both have 
height 0. 
As usual, we let R be a complete discrete valuation ring of characteristic 
0 whose residue field is of characteristic p (and sufficiently large). We let z 
denote the unique maximal ideal of R. 
In [3], Brad proves that whenever x is a character of height 0 in B, 
then (p’“~‘~‘, I’~‘) does not lie in n. Now we may choose a basic set for the 
Z-module generated by the restriction of the irreducible characters in /I to 
p-regular elements, say di, . . . . 4, such that p/d1 agrees with the “character” 
of a virtual projective RC,(u)-module on p-regular elements, while for 
i>l, pf-$75; g a rees with the “character” of a virtual projective RC,(u)- 
module on p-regular elements. 
Then there are algebraic integers tli, . . . . IX, such that for all p-regular y in 
C,(u) we have 
P’(v) =I a,h(y). 
It readily follows that 
(PV, P~x’~‘) = Iall (pfd,,6#,) (mod pff ‘R) 
(see [8, Sect. 21, for example). 
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In particular lcll12 and (p’ti,, dr) both lie outside rr. Now if p is another 
character of height 0 in B and we write 
(for all p-regular y in C,(U)) 
then y1 lies outside rc (for the same reason as above), and we see that 
(PfX’“‘> PfP’) = w%(Pf41? Pfiu (mod p’+ ‘R), 
so that (pf~‘~‘, CD) 1’ ,u ) ies outside n. This proves that aU # 0 whenever xi and 
xj both have height 0, as required to complete the proof of the theorem. 
COROLLARY 3.2. Suppose that u above has order pe. Then k,(B) < 
2/-e-l 
P 3 unless (f- e) 5 2, in which case k,(B) 5 p’3f-e)‘2 s pf+ ‘. 
Proof: Let /? be the block of C,(u)/(u) corresponding to j?. Then 
Z(B) = I( j?), and I(B) < p2f ~ “- 2 when (f- e) > 2, I( 8) 5 pCf -e) when 
(f-e) 5 2 (both from [2]), so the result follows easily from Theorem 3.1. 
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